Policy Gradient:
REINFORCE, Variance
Reduction, Convergence
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State-action distribution [P7(s, a): probability of 7 hitting (s, a) at i

State-distribution [P} (s): probability of 7z hitting (s) at &

Discounted visitation d”(s,a) = (1 — y) Z }/hﬂj)Z(S, a)
h=0

Advantage function: A”(s,a) = Q”"(s,a) — V*(s)
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Today: Policy Gradient Deriviation

e.g., Reinforce, Natural Policy Gradient, TRPO, PPO:

(Williams 92, Kakade 02, Schulman et al 15, 17)

ryals) = n(als;0) J(my) = = lz yhrh]

h=0

01 = 0, +nVyJ(my) ‘gzgt

Main question for today’s lecture:
how to compute the gradient?
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1. Two formulations of Policy Gradient
2. Variance Reduction

3. Convergence of SGD
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1. Softmax Policy for
Tabular MDPs:

0., €ER,Vs,ae §XA
exp(é’saa)

my(a | 5) =

Z q’ CXP (es,a’)

2. Softmax linear Policy
(e.g., for linear MDPs):

3. Neural Policy:

Neural network

Feature vector (s, a) € R?, and
parameter 8 € R?

exp(@' g (s, a)) exp(fy(s, @)

my(a | 5) =

ﬂg(d ‘ S) —

Za/ exp(0' (s, a")) Za, exp(fo(s,a’))
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Suppose that | have a sampling distribution p, s.t., max Py(x)/p(x) < oo
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We can set sampling distribution p = Py

VgJ(6) g, = Eoep, Voln Py (0)f(x)
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1. Derivation of Policy Gradient: REINFORCE

T =— {S(),Clo, Sl,al, }

Po(T) = p(so)my(ay | so)P(sq | S, ag)me(ay | sy)-..

J(EQ) — _TNpH(T) [Z yhr(sha ah)]
h=0

R(7)

Vol(rg) = E,_, ) | Voln po(0)R(2))

s | Vo zag|s9) + Inmfay ] 57)...) R@)| =

=7~ pp(T) (

p— _TNPQ(T) lV@ (lnp(SO) + ln 7[9(610 ‘ So) + ln P(Sl ‘ SOa aO) T .. ) R(T)]

Z V@ln ﬂ@(dh ‘ Sh)
h=0

) R(7)
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Derivation of unbiased Stochastic Policy Gradient

1
V,J(0) = T Fraan | Voln my(a | s)Q™(s, a)|

Draw /1 o 7", roll-in 7y to generate s, a; ~ IPZQ

1>h
Roll-out 7, from (s, a;) : terminate with prob 1 —y, Q%(s;,a;) = Z r,
T=h

Unbiased estimate: V ln 7y(a, | Sh)aﬂe(Sh, a,)
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V. Inz,(a, | s,) ( 07(s,, a,) — b(sh))

The best baseline that minimizes variance:

.
min [ [ ( Vonrya,|s;,) ( a”@(sh, a,) — b(Sh)> ) Voln my(ay, | s,) < E”G(Sh, a,) — b(sy) )]

= | VoInza, | s,)T Volnza, | s,) Q%s,, a))

b(s;) =

E | Voln my(ay | 5,)T Voln m(ay, | sp)|

In practice:

1
V,J(0) = — | Voln my(a | $)(Q™(s, a) — V™(s))| =
b(s,) = V7(s) -7

¢ amd0 ( Vln ny(a| s)A™(s, a))

1=y



Summary so far:

The most commonly used formulation:
Policy Gradient with V" as a baseline:

V,J(0) =

1 -y

¢ amd™ [Veln mo(a | s)A™(s, a)]




Summary so far:

The most commonly used formulation:
Policy Gradient with V" as a baseline:

1
V,J(0) = T Fraan | Voln my(a | )A™(s, a)]

Q: can you think about a way to get an unbiased estimate of A™(s, a) via one roll-out?



Summary so far:

The most commonly used formulation:
Policy Gradient with V" as a baseline:

1
V,J(0) = T Fraan | Voln my(a | )A™(s, a)]

Q: can you think about a way to get an unbiased estimate of A™(s, a) via one roll-out?

Next: Stochastic Gradient Ascent Converges to Stationary Point
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Convergence to Stationary Point
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Convergence to Stationary Point
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Convergence to Stationary Point
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Convergence to Stationary Point
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Summary

i _
Vo J(0) = T Vln zy(al )(Q™(s,a) — Vi(s))

Use unbiased estimate of V,J(0), SG ascent converges to stationary point



