Policy Gradient:
REINFORCE, Variance
Reduction, Convergence

CS 6789: Foundations of Reinforcement Learning



Policy Optimization
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Recap: Infinite Horizon Discounted MDPs

State-action distribution P/ (s, a): probability of 7 hitting (s, a) at &

State-distribution [’} (ss): probability of 7 hitting (s) at &

Discounted visitation d*(s,a) = (1 — y) 2 thPZ(s, a)
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Advantage function: A*(s,a) = Q”*(s,a) — V*(s)
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Today: Policy Gradient Deriviation

e.g., Reinforce, Natural Policy Gradient, TRPO, PPO:

(Williams 92, Kakade 02, Schulman et al 15, 17)
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Today: Policy Gradient Deriviation

e.g., Reinforce, Natural Policy Gradient, TRPO, PPO:

(Williams 92, Kakade 02, Schulman et al 15, 17)

ry(als) = n(als;0) J(my) = E,, [Z yhrh] YE“ jL;% M)}
h=0 *
01 = 0, +nVyJ(my) |49=91

Main question for today’s lecture:
how to compute the gradient?



Outline for today

1. Two formulations of Policy Gradient
2. Variance Reduction

3. Convergence of SGD



Policy Gradient: Examples of Policy Parameterization (discrete actions)

1. Softmax Policy for
Tabular MDPs:

0, ERVs,aeSXA
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Policy Gradient: Examples of Policy Parameterization (discrete actions)

1. Softmax Policy for
Tabular MDPs:

0, ERVs,aeSXA
exp(Gs,a)
Za/ exp(es,a’)
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Policy Gradient: Examples of Policy Parameterization (discrete actions)

2. Softmax linear Policy

1. Softmax Policy for (e.g., for linear MDPs):
Tabular MDPs:

0, ERVs,aeSXA
exp(Gs,a)
Za/ exp(es,a’)

ﬂe(a |s) =




Policy Gradient: Examples of Policy Parameterization (discrete actions)

2. Softmax linear Policy

1. Softmax Policy for (e.g., for linear MDPs):
Tabular MDPs:

Feature vector ¢(s, a) € RY and
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Policy Gradient: Examples of Policy Parameterization (discrete actions)

2. Softmax linear Policy

1. Softmax Policy for (e.g., for linear MDPs):
Tabular MDPs:

Feature vector ¢(s, a) € RY and
parameter 8 € R?

exp(@ (s, a))
ST (s, @)
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Policy Gradient: Examples of Policy Parameterization (discrete actions)

2. Softmax linear Policy 3. Neural Policy:

1. Softmax Policy for (e.g., for linear MDPs):
Tabular MDPs:

Feature vector ¢(s, a) € RY and

R,V A
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Policy Gradient: Examples of Policy Parameterization (discrete actions)

] 2. Softmax linear Policy 3. Neural Policy:
1. Softmax Policy for (e.g., for linear MDPs):
Tabular MDPs:
Feature vector ¢ (s, a) € R? and Neural network
R, Vs, SXA
O €R,Vs,a € parameter 8 € R? fo: SXAH R
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Policy Gradient: Examples of Policy Parameterization (discrete actions)

] 2. Softmax linear Policy 3. Neural Policy:
1. Softmax Policy for (e.g., for linear MDPs):
Tabular MDPs:
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Warm Up
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V() = V4E,_p f()

Suppose that | have a sampling distribution p, s.t., max Py(x)/p(x) < oo
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1. Derivation of Policy Gradient: REINFORCE
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1. Derivation of Policy Gradient: REINFORCE

T = {So, dy, S1, A4, }
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1. Derivation of Policy Gradient: REINFORCE
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1. Derivation of Policy Gradient: REINFORCE

T = {So, dy, S1, A4, }

Po(7) = p(so)myag | s))P(sy | sp, ag)mglay | sy). ..

J(”H) = [E1~p9(r) [Z yhr(sh7 ah)]
h=0

R(7) ® T~ (L)

\y -
et @D ¥ Ulalte(2al S
N0
V() = .o | Voln pg(0)R(2)] ®@ ﬁf Ve ln 72 (2 wﬂ [EZLI:]?
— [Er~p9(r) [Ve(lnp(so) + Inmy(ay | sy) + In P(s; | 59, ap) + ) R(T)] evedot 2 Seeo i~

—

= [Ef~pg(r) [V@(lllrﬂb(ao | s9) + Inmy(a,|sy).. ) R(T)] = [ETN[)H(T) < Z Vyln ny(a,, | sh)> @
h=0




2. Derivation of Policy Gradient w/ O”
y Q @Wﬁalt EEEY“!%\
Recall definition of value function V() (S el Che)
=



2. Derivation of Policy Gradient w/ O”

Recall definition of value function V7*(s)
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2. Derivation of Policy Gradient w/ O”

Recall definition of value function V7*(s)

Vo () = VoE -y [Vﬂg(so)]
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2. Derivation of Policy Gradient w/ O”

Recall definition of value function V7*(s)
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2. Derivation of Policy Gradient w/ O”

Recall definition of value function V7*(s)

Vo (1) = VoE -y [Vﬂg(so)]

= lESoNP [VGE‘ION%(SO)Q”G(SO’ ao)]

\%
=E, ., Z (g | sp) [ Gl SO)] Q™(s0, ) + }’Z‘ﬂa(ao | SO)PESWPY o VoV s1)

=y’ mo(ag | sp)

=E, - [[Ea0~ng(a0|s0)valn mo(ag | sp) - O™(sp, ao)] +,y[ES1NPTgV9V”0(s1) l
= [ESONP [[an~ﬂ9(ao|so) Vﬁln ﬂﬁ(aO | SO)QHH(SO’ aO)] + }/lESWPTe [lEa1~ﬂ9(a1|S1) Veln ﬂe(al | Sl)Qﬂa(sl’ al)] +7 i[Es2~[P>§9 VHVEH(SZ) )

e
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Recall definition of value function V7*(s)

Vod (1) = VoE, ., [V7(sy)]

= [ESONP [VGE‘ION%(SO)Q”G(SO’ ao)]

= I]Es0~p Z ﬂ'g(ao | So)

apEA

- Q"(s9, ap) + }’Z 7o | 50)Es ~p, , VoV ™(51)

do

[ Vomg(ay | So)]

moag | So)
=E, - [[Ea0~ng(a0|s0)vﬂln mo(ag | sp) - O™(sp, ao)] + B pno Vg V(sy)
= [ESONP [[anNﬂa(ao|So) Veln nﬁ(aO | SO)QHH(SO’ ao)] + ylESWPTe [lEa1Nﬂ9(a1|S1) Veln ﬂe(al | Sl)Qﬂa(sl’ al)] + yz[ESZN[P’gHVHVﬂH(SZ)

©
l y .
- Z v 1[ES/1761/,NPZ(} Vﬁln ﬂﬁ(ah | *Sh)QﬂH(‘Sh’ ah)
h=0 -



2. Derivation of Policy Gradient w/ O”
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Derivation of unbiased Stochastic Policy Gradient

|
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