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Recap: The "Bonus" Recipe for Exploration

So far, we have a clear recipe for strategic exploration: build an explicit uncertainty bonus.

e Tabular UCBVI: Bonus o« 1/4/N(s, a). Works, but scales with |S||.A|.
e Linear MDPs: Bonus  ||¢(s, a)|[p-1. Scales with d.
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Recap: The "Bonus" Recipe for Exploration

So far, we have a clear recipe for strategic exploration: build an explicit uncertainty bonus.

e Tabular UCBVI: Bonus < 1/41/N(s, a). Works, but scales with |S||.A|.
e Linear MDPs: Bonus  ||¢(s, a)|[p-1. Scales with d.

The Catch: Both rely on explicitly estimating the transition dynamics (either locally or via
known features) to construct the bonus.
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Recap: The "Bonus" Recipe for Exploration

So far, we have a clear recipe for strategic exploration: build an explicit uncertainty bonus.

e Tabular UCBVI: Bonus o« 1/4/N(s, a). Works, but scales with |S||.A|.
e Linear MDPs: Bonus  ||¢(s, a)|[p-1. Scales with d.

The Catch: Both rely on explicitly estimating the transition dynamics (either locally or via
known features) to construct the bonus.

A
What if we only have Linear Bellman Completeness? £ K
(s 3) + Eps [maxwhi1 - ¢(s', &)] = 9(s, a)" Th(why1)

We know this is learnable with a generative model (simulator). But how do we explore online?
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Our Goal: PAC-RL for General Classes

We want to move beyond explicit bonuses and ask: when can we explore efficiently given an
arbitrary, structured hypothesis class H?
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Our Goal: PAC-RL for General Classes

We want to move beyond explicit bonuses and ask: when can we explore efficiently given an
arbitrary, structured hypothesis class H?

The PAC-RL Objective (Fixed Confidence): Given ¢, € (0,1), we want to output a single
policy 7 such that:

V§(so) — Vi (s0) < e with probability at least 1 — .
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Our Goal: PAC-RL for General Classes

We want to move beyond explicit bonuses and ask: when can we explore efficiently given an
arbitrary, structured hypothesis class H?

The PAC-RL Objective (Fixed Confidence): Given ¢, € (0,1), we want to output a single
policy 7 such that:

V§(so) — Vi (s0) < e with probability at least 1 — .

PAC vs. Regret:

@ Regret: Control cumulative suboptimality during learning. Requires carefully shrinking
uncertainty bonuses at every step.

@ PAC: We just need to find one good policy eventually. This allows for purely
elimination-based strategies.
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© A Natural Algorithm: Optimistic Elimination
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The Core Object: Average Bellman Error

Data reuse: We can't build a structural bonus, so let's test if our hypotheses are consistent

with the collected data. 99—{’ g OC[S C}/é

Define the one-step Bellman residual of a hypothesis g € H as:

lh(s,a,5';g) = Qng(s,a) — ra(s,a) — Vh\+1,g(5’)
\

My C ’
;/ QV{+1 (s & )

Sham & Kianté Bellman Rank



The Core Object: Average Bellman Error

Data reuse: We can't build a structural bonus, so let's test if our hypotheses are consistent
with the collected data.

Define the one-step Bellman resudugl of a hypothesis g € H as:

z [ﬁh(s a, s’ g) [Qh,g(s a) — ra(s,a) — Var14(s )J
9/*(()5'\

With data from some “roll in policy” 7f, we can check if the average Bellman error is small.

We evaluate candidate g using its Average Bellman Error under the roll-in distribution
induced by another policy 7¢:

gh(f,g) = E(S,a)Nd;rf, s/~ P |:€h(5, a,sl;g)}

Sham & Kianté Bellman Rank



The Core Object: Average Bellman Error

Data reuse: We can't build a structural bonus, so let's test if our hypotheses are consistent
with the collected data.

Define the one-step Bellman residual of a hypothesis g € H as:
gh(sa d, Sl; g) = Qh,g(s7 a) — rh(S, 3) — Vh—|—1,g(5,)

With data from some “roll in policy” 7f, we can check if the average Bellman error is small.

We evaluate candidate g using its Average Bellman Error under the roll-in distribution
induced by another policy 7¢:

gh(f,g) = E(s,a)Nd;rf, s/~ P |:€h(5, a,sl;g)}

Key Insight: Under realizability, the true optimal hypothesis f* € H is perfectly consistent
everywhere. Thus, Ex(f,f*) = 0 for every roll-in policy f.
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Data Reuse: Estimating Errors for all g € 'H

How do we actually estimate &,(f, g) from data?

1. Data Collection: Fix a roll-in hypothesis f. Execute its greedy policy ¢ for m
independent episodes. At stage h, this yields a dataset:

D = {535 |

m

=1
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Data Reuse: Estimating Errors for all g € 'H

How do we actually estimate &,(f, g) from data?

1. Data Collection: Fix a roll-in hypothesis f. Execute its greedy policy ¢ for m
independent episodes. At stage h, this yields a dataset:

D = ({940, ))"

2. The Empirical Estimator: For any candidate g € H, we define its empirical Bellman error

on this dataset as:
m

A~ 1
gh(f,g) = mZ(th(Sh 73/, ) r (Sh 7357)) Vh+1g(5h+1))

=1
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Data Reuse: Estimating Errors for all g € 'H

How do we actually estimate &,(f, g) from data?

1. Data Collection: Fix a roll-in hypothesis f. Execute its greedy policy ¢ for m

independent episodes. At stage h, this yields a dataset: O0sfona e
Dy = ({650,500
i 20) 652‘ )
2. The Empirical Estimator: For any candidate g € H, we defirie its empirical Bellman error

on this dataset as:
m

A~ 1
gh(f,g) = mZ(th(sh 73/, ) r (Sh 7357)) Vh+1g(5h+1))

=1

The Supervised Learning (SL) Connection: Notice that the dataset Dy j depends only on the
roll-in policy f. It does not depend on g.

@ We collect data once using f.

@ We can then evaluate gh(f,g) for every single g € H offline.
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Algorithm: Optimistic Elimination (Sample-Based)

Algorithm Loop: For iteration t =1,2,...

© Version Space: Keep all hypotheses g € H that have small empirical error on all past
datasets:

‘é\h(f;ag)’ S €stat \V/I < t) \V/h

@ Optimism: Pick the surviving hypothesis f; that predicts the highest value Vj 4(sp).

© Roll-in: Gather m trajectories using 7¢, to form dataset D;.
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Algorithm: Optimistic Elimination (Sample-Based)

A 1
[ Ll g) k0, Lihgho
Algorithm Loop: For iteration t =1,2,...

4
. T 6{61 8)/’\_‘0
© Version Space: Keep all hypotheses g € H that have small empirical error on alPpast
datasets:

‘é\h(ﬁag)’ S €stat \V/I < t) \V/h
@ Optimism: Pick the surviving hypothesis f; that predicts the highest value Vj 4(sp).

© Roll-in: Gather m trajectories using 7¢, to form dataset D;.

The Power of Data Reuse: We use D; (collected via f;) to evaluate the empirical average
En(fe, g) for all g € H. This reduces RL exploration to a sequence of Supervised Learning-style
risk minimization problems.
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Why does this work? (Lemma 1: Self-Error)

To understand why this works, we need to connect a hypothesis's error to its actual
performance.

Lemma (Self-Error Telescoping ldentity)

For any f € H, the difference between its predicted value and the true value of its greedy
policy ¢ is exactly the sum of its self-errors:

H—
Mq"‘mﬁfwo)— \/ﬁ@: Vor(s0) = V5" (s0) = ) Enlf.f)

h=0

|
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Why does this work? (Lemma 1: Self-Error)

To understand why this works, we need to connect a hypothesis's error to its actual
performance.

Lemma (Self-Error Telescoping ldentity)

For any f € H, the difference between its predicted value and the true value of its greedy
policy ¢ is exactly the sum of its self-errors:

H—

Vor(s0) = Vgt (s0) = Y En(f, 1)
h=0

|

Note: Vj ¢(so) = max, Qo r(s0, a) is what the hypothesis f claims it will get. V' (sp) is what
it actually gets in the real environment.
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Proof of Lemma 1

Proof: Take the expectation over the true trajectory (sp, ap) induced by running 7. Since the
policy takes the greedy action, ap = mp ¢(sn), we have Vj ¢(sp) = Qn.r(Sh, an).
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Proof of Lemma 1

Proof: Take the expectation over the true trajectory (sp, ap) induced by running 7. Since the
policy takes the greedy action, ap = mp ¢(sn), we have Vj ¢(sp) = Qn.r(Sh, an).

Vi 6)=o

H-1 H-1
Vo,r(50) = ) rh(shs an) = (Vh,f(sh) — rn(Sh, an) — Vh+1,f(5h+1))
h=0 h=0
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Proof of Lemma 1

Proof: Take the expectation over the true trajectory (sp, ap) induced by running 7. Since the
policy takes the greedy action, ap = mp ¢(sn), we have Vj ¢(sp) = Qn.r(Sh, an).

H-1

Ry
=

Vo,r(50) = ) rh(shs an) = (Vh,f(Sh) — rn(Sh, an) — Vh+1,f(5h+1))
h=0 h=0
H-1
= (Qh,f(sha an) — ru(sh, an) — Vh+1,f(5h+1))
h=0
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Proof of Lemma 1

Proof: Take the expectation over the true trajectory (sp, ap) induced by running 7. Since the
policy takes the greedy action, ap = mp ¢(sn), we have Vj ¢(sp) = Qn.r(Sh, an).

H-1 H-1
Vo,r(50) = ) rh(shs an) = (Vh,f(Sh) — rn(Sh, an) — Vh+1,f(5h+1))
h=0 h=0
H-1
= (Qh,f(sha an) — ru(sh, an) — Vh+1,f(5h+1))
h=0

Taking the expectation over the trajectory dynamics yields exactly the sum of the average
Bellman errors: Z/I;I:_ol En(f,f). ]
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OE Correctness: The Exact Case

Assume the exact case for a moment (€stat = 0). Does this algorithm find the optimal policy?
Assume f* € H.

@ Survival: f* is never eliminated because E,(f, f*) = 0 for all roll-ins f.
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OE Correctness: The Exact Case

Assume the exact case fora moment (€stat = 0). Does this algorithm find the optimal policy?
Assume f* € H. = i

@ Survival: f* is never eliminated because E,(f, f*) = 0 for all roll-ins f.

@ Optimism: Because f* is in the version space, the algorithm picks an f; such that
Vo,r(s0) = Vo,r+(s0) = V*(s0)-

77 \/O/<g — \/Kn—drf ¢®

€

Sham & Kianté Bellman Rank



OE Correctness: The Exact Case

Assume the exact case for a moment (€stat = 0). Does this algorithm find the optimal policy?
Assume f* € H.

@ Survival: f* is never eliminated because E,(f, f*) = 0 for all roll-ins f.

@ Optimism: Because f* is in the version space, the algorithm picks an f; such that
Vo, (s0) = Vo,r(s0) = V*(s0).
© Elimination: Suppose f; is strictly sub-optimal (V*(sp) > V™ (sp)).
o By optimism, Vj £ (s0) — V™ (s0) > 0.
o By Lemma 1, this means >, En(f:, f;) > 0.

e Therefore, f; will have a non-zero error on its own dataset D;, and will be eliminated in the
next round.
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OE Correctness: The Exact Case

Assume the exact case for a moment (€stat = 0). Does this algorithm find the optimal policy?
Assume f* € H.

@ Survival: f* is never eliminated because E,(f, f*) = 0 for all roll-ins f.

@ Optimism: Because f* is in the version space, the algorithm picks an f; such that
Vo, (s0) = Vo,r(s0) = V*(s0).
© Elimination: Suppose f; is strictly sub-optimal (V*(sp) > V™ (sp)).
o By optimism, Vj £ (s0) — V™ (s0) > 0.
o By Lemma 1, this means >, En(f:, f;) > 0.

e Therefore, f; will have a non-zero error on its own dataset D;, and will be eliminated in the
next round.

Conclusion: Every round we either play the optimal policy, or we eliminate at least one
hypothesis. The algorithm terminates in trivially < || rounds.
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The Big Question

We established a clean algorithmic loop:
@ Pick an optimistic hypothesis f;.
@ Roll it out to collect data.
o If it is sub-optimal, it generates a non-zero self-error Ey(fy, f;) # 0.

@ We add this data to our test set, ensuring f; is eliminated forever.
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The Big Question

We established a clean algorithmic loop:

@ Pick an optimistic hypothesis f;.

ﬁL_\

jaé,/

@ Roll it out to collect data.
o If it is sub-optimal, it generates a non-zero self-error Ey(fy, f;) # 0.
@ We add this data to our test set, ensuring f; is eliminated forever. y (1 , N /;47{ 3

The Catch: We proved it takes at most |H| rounds. But if H is massive, or a continuous
space of neural networks, |H| could be infinite.

Sham & Kianté Bellman Rank



The Big Question

We established a clean algorithmic loop:
@ Pick an optimistic hypothesis f;.
@ Roll it out to collect data.
o If it is sub-optimal, it generates a non-zero self-error Ey(fy, f;) # 0.

@ We add this data to our test set, ensuring f; is eliminated forever.

The Catch: We proved it takes at most |H| rounds. But if H is massive, or a continuous
space of neural networks, |H| could be infinite.

To guarantee this terminates quickly independent of |H
about the matrix of errors... the Bellman Rank.

, we want a structural assumption
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© The Structural Bottleneck: Bellman Rank
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The Error Matrix

Consider a matrix My where the rows correspond to roll-in policies f € H and the columns
correspond to tested hypotheses g € H.

Each entry is the cross-error:
Mh[fag] = Sh(f,g)

Sham & Kianté Bellman Rank



The Error Matrix

Consider a matrix My where the rows correspond to roll-in policies f € H and the columns
correspond to tested hypotheses g € H.

Each entry is the cross-error:
Mh[fag] = Eh(f,g)
If H is large or continuous, M} is massive. However, in many reinforcement learning settings,

this matrix contains redundant information.

We formalize this redundancy by assuming M) has a low rank.
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Defining Bellman Rank

Definition (Q-Bellman Rank)

The environment and hypothesis class pair (M, H) has Q-Bellman rank at most d if for each
stage h there exist maps Xj,, W), : H — R such that:

gh(fag) — <Xh(f)7 Wh(g)> Vfag cH
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Defining Bellman Rank

Definition (Q-Bellman Rank)
The environment and hypothesis class pair (M, H) has Q-Bellman rank at most d if for each
stage h there exist maps Xj,, W), : H — R such that:

gh(fag) — <Xh(f)7 Wh(g)> Vfag cH )

Key Properties:
~
@ Xu(f) acts as the latent feature of the roll-in distribution d; . =

o Wj(g) acts as the latent feature of the Bellman residual of g.
@ We only assume these maps exist. The algorithm does not need to know Xj or W), to

execute Optimistic Elimination.

Bellman Rank
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Fast Convergence via Dimension Counting

Let us return to the exact Optimistic Elimination algorithm (estat = 0). How many rounds
does it take to terminate if the Bellman Rank is d?
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Fast Convergence via Dimension Counting

Let us return to the exact Optimistic Elimination algorithm (estat = 0). How many rounds
does it take to terminate if the Bellman Rank is d?

Suppose at iteration t, the algorithm selects f;, and it is strictly sub-optimal.

© By the Self-Error Telescoping Identity (Lemma 1), a sub-optimal optimistic hypothesis
must have a non-zero self-error at some stage h:

En(fe, fe) # 0
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Fast Convergence via Dimension Counting

Let us return to the exact Optimistic Elimination algorithm (estat = 0). How many rounds
does it take to terminate if the Bellman Rank is d?

Suppose at iteration t, the algorithm selects f;, and it is strictly sub-optimal.

© By the Self-Error Telescoping Identity (Lemma 1), a sub-optimal optimistic hypothesis
must have a non-zero self-error at some stage h:

En(fe, fe) # 0

@ Using the Bellman rank factorization, this implies:

(Xn(fe), Wh(f:)) # O
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The Geometry of Elimination

© Because f; survived the version space, it must have had zero error on all data collected in
previous rounds | < t:

En(fift) = 0 = (Xu(fi), Wi(ft)) = 0 Vi<t
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The Geometry of Elimination

© Because f; survived the version space, it must have had zero error on all data collected in
previous rounds | < t:

En(fift) = 0 = (Xu(fi), Wi(ft)) = 0 Vi<t

© This means W (f;) is orthogonal to the subspace spanned by all previous roll-in features
(X)), Xn(feo1)}.
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The Geometry of Elimination

© Because f; survived the version space, it must have had zero error on all data collected in
previous rounds | < t:

En(fi,f) = 0 = (Xu(f;), Wi(f)) = 0O Vi<t

© This means W (f;) is orthogonal to the subspace spanned by all previous roll-in features
{Xn(f1), .- Xn(fe—1)}.

@ Since (Xp(ft), Wi(f:)) # 0, the new roll-in feature Xj(f;) cannot be entirely contained in
that past subspace. It must possess a linearly independent component.
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The Geometry of Elimination

© Because f; survived the version space, it must have had zero error on all data collected in
previous rounds | < t:

En(fi,f) = 0 = (Xu(f;), Wi(f)) = 0O Vi<t

© This means W (f;) is orthogonal to the subspace spanned by all previous roll-in features
{Xn(f1), .- Xn(fe—1)}.

@ Since (Xp(ft), Wi(f:)) # 0, the new roll-in feature Xj(f;) cannot be entirely contained in
that past subspace. It must possess a linearly independent component.

Conclusion: Every time we execute a sub-optimal policy, we discover a strictly new, linearly
independent direction in R9. In a d-dimensional space, this can happen at most d times per
stage. The algorithm terminates in at most dH rounds.
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@ The Model Zoo
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Example 1: Linear Bellman Completeness

o Hypothesis Class H: Q; . (s,a) = ¢(s,a)' wy, where ||wp|l2 < W.
o Completeness Assumption: r4(s,a) + Ep«[maxy w) ¢(s’,a)] = &(s,a)" Tr(whi1).
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Example 1: Linear Bellman Completeness

o Hypothesis Class H: Q; . (s,a) = ¢(s,a)' wy, where ||wp|l2 < W.
o Completeness Assumption: r4(s,a) + Ep«[maxy w) ¢(s’,a)] = &(s,a)" Tr(whi1).

The Factorization: f = w, g = w, 75(s) = argmax, w, &(s, a).

(i, w) = By [0(5,2) "Wy — 6(s. 2) Th(Whs1)
= <Ed;w [¢(s,a)], wh — Th(Wh+1)>

-~

Wh(w)

Xy()
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Example 1: Linear Bellman Completeness

o Hypothesis Class H: Q; . (s,a) = ¢(s,a)' wy, where ||wp|l2 < W.
o Completeness Assumption: r4(s,a) + Ep«[maxy w) ¢(s’,a)] = &(s,a)" Tr(whi1).

The Factorization: f = w, g = w, 75(s) = argmax, w, &(s, a).

(i, w) = By [0(5,2) "Wy — 6(s. 2) Th(Whs1)
= <Ed;w [¢(s,a)], wh — Th(Wh+1)>

Wh(w)

Xo()
Key Observations:
@ This implies a Bellman Rank of at most d.

@ This uses the exact same feature ¢ as the Linear MDP analysis.

@ Crucially: Optimistic Elimination only requires access to H, and not X(-).
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Example 2: Sparse Linear MDPs

Suppose the features are extremely high-dimensional: ¢(s,a) € RP, where D >> |S].

Assume the environment is a Linear MDP, but the transition dynamics depend entirely on an
unknown active subset of s features (s < D).
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Example 2: Sparse Linear MDPs

Suppose the features are extremely high-dimensional: ¢(s,a) € RP, where D >> |S].

Assume the environment is a Linear MDP, but the transition dynamics depend entirely on an
unknown active subset of s features (s < D).

Hypothesis Class H:
@ We restrict our search to linear models using at most s features.

o H = Uxcipyk=s "(Pk), where H(¢x) is the dense class restricted to the subset K.
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Example 2: Sparse Linear MDPs

Suppose the features are extremely high-dimensional: ¢(s,a) € RP, where D >> |S].

Assume the environment is a Linear MDP, but the transition dynamics depend entirely on an
unknown active subset of s features (s < D).

Hypothesis Class H:

@ We restrict our search to linear models using at most s features.

o H = Uxcipyk=s "(Pk), where H(¢x) is the dense class restricted to the subset K.
What is the Bellman Rank?

@ The ambient dimension is D.

@ However, the transition operator factors through an s-dimensional bottleneck.
@ Therefore, the latent Bellman Rank is s.
Note, we do not need to know the active subset here.
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Example 2: Sparse Linear MDPs

Suppose the features are extremely high-dimensional: ¢(s,a) € RP, where D > |S].

Assume the environment is a Linear MDP, but the transition dynamics depend entirely on an
unknown active subset of s features (s < D).
Hypothesis Class H:

@ We restrict our search to linear models using at most s features.

o H = Uxcipyk=s "(Pk), where H(¢x) is the dense class restricted to the subset K.

What is the Bellman Rank?
@ [he ambient dimension is D.

@ However, the transition operator factors through an s-dimensional bottleneck.

@ Therefore, the latent Bellman Rank is s.
Note, we do not need to know the active subset here.

Note: Applying Optimistic Elimination here involves some subtleties regarding off-policy
evaluation (V-Bellman Rank), but the core geometric structure remains a rank-s error matrix.
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© The Sample-Based Reality
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From Exact to Sample-Based Elimination

We estimate E,(f;, g) using finite datasets of size m.

Assumption (Realizability): The true optimal hypothesis f* € H.
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From Exact to Sample-Based Elimination

We estimate E,(f;, g) using finite datasets of size m.
Assumption (Realizability): The true optimal hypothesis f* € H.

The Statistical Relaxation: Because of finite-sample noise, g’h(f,-, f*) will not be exactly
zero.

@ We require uniform concentration: with high probability, the empirical error is close to
the true error for all g € H.

@ Let €5t be this uniform confidence radius.

@ We relax the version space constraint to an elliptical radius R:

t—1

> (Gnfie) < R v

=0

@ We set R? ~ t - €2, to ensure f* safely remains in the version space.

Sham & Kianté Bellman Rank




PAC-RL under Bounded Bellman Rank (finite |H|)

Theorem (Sample-Based Optimistic Elimination)

Suppose (M, H) has Bellman Rank d and f* € H. If we run Optimistic Elimination using the
relaxed version space constraint:

Q lteration Complexity: The algorithm terminates in T = O(Hd) iterations.
@ Sample Complexity: With probability > 1 — 9, the output policy is e-optimal using a

batch size per iteration of:
~ (d*H®

€2 )
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PAC-RL under Bounded Bellman Rank (finite |H|)

Theorem (Sample-Based Optimistic Elimination)

Suppose (M, H) has Bellman Rank d and f* € H. If we run Optimistic Elimination using the
relaxed version space constraint:

Q lteration Complexity: The algorithm terminates in T = O(Hd) iterations.
@ Sample Complexity: With probability > 1 — 9, the output policy is e-optimal using a

batch size per iteration of:
~ (d*H® | H|
m =0 ( = - log T)

Proof Gist: The exact dimension-counting proof is replaced by the Elliptical Potential
Lemma (the log-determinant bound from LinUCB) applied to the cumulative errors.
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Instantiations: What is the Sample Complexity?

Let us plug our two running examples into the general PAC bound.
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Instantiations: What is the Sample Complexity?

Let us plug our two running examples into the general PAC bound.

1. Linear Bellman Completeness
o Hypothesis Class: All linear models Qu(s, a) = ¢(s,a)’ wy.
e Complexity: Standard covering number arguments yield log |H| ~ d log(1/¢).
o Total Sample Complexity: O(d3H®/e?).

@ Note: We achieve the same polynomial dependence on d as the LinMDP algorithm, but
under a strictly weaker assumption.
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Instantiations: What is the Sample Complexity?

Let us plug our two running examples into the general PAC bound.

1. Linear Bellman Completeness
o Hypothesis Class: All linear models Qp(s, a) = ¢(s,a)" w.
e Complexity: Standard covering number arguments yield log |H| ~ d log(1/¢).
o Total Sample Complexity: O(d3H®/e?).

@ Note: We achieve the same polynomial dependence on d as the LinMDP algorithm, but
under a strictly weaker assumption.

2. Sparse Linear MDPs
@ Hypothesis Class: Union of all s-sparse linear models out of D features.
o Complexity: log|H | ~ slog(eD/s) + slog(1/e).
o Total Sample Complexity: O(s3H%/e2 - log(D)
@ Note: The statistical complexity is poly(s,log(D)

).
)-
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