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• Today:
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Things to remember

dπ
s0

(s, a) = (1 − γ)
∞

∑
h=0

γhℙ(sh = s, ah = a |s0, π)

dπ
s0

(s) = (1 − γ)
∞

∑
h=0

γhℙ(sh = s |s0, π) Vπ(μ) = Es∼μ[Vπ(s)]
dπ

μ(s) = Es0∼μ[dπ
s0

(s)]

∇θJ(θ) := 1
1 − γ

𝔼s,a∼dπθ [∇θln πθ(a |s)Qπθ(s, a)]

For all :
π, π′ , s0

Vπ(s0) − Vπ′ (s0) = 1
1 − γ

𝔼s∼dπs0
𝔼a∼π(⋅|s) [Aπ′ (s, a)] A s s Q a v1



Policy Gradient: Examples of Policy Parameterization (discrete actions)

1. Softmax Policy for 
Tabular MDPs:

θs,a ∈ ℝ, ∀s, a ∈ S × A

πθ(a |s) =
exp(θs,a)

∑a′ 
exp(θs,a′ 

)

2. Softmax linear Policy 
(e.g., for linear MDPs):

Feature vector , and 
parameter 

ϕ(s, a) ∈ ℝd

θ ∈ ℝd

πθ(a |s) = exp(θ⊤ϕ(s, a))
∑a′ 

exp(θ⊤ϕ(s, a′ ))

3. Neural Policy:

Neural network  
fθ : S × A ↦ ℝ

πθ(a |s) = exp( fθ(s, a))
∑a′ 

exp( fθ(s, a′ ))



Vanishing Gradients and Saddle Points

Set . Policy param:
 

(this a “direct” param, which is valid inside the simplex)  

Theorem: For  (componentwise) and  (for all states ).  
For all , we have that


 

(where  is the operator norm of the tensor .

γ = H/(H + 1)
for a = a1, a2, a3, πθ(a |s) = θs,a,  and  πθ(a4 |s) = 1 − θs,a1

− θs,a2
− θs,a3

0 < θ < 1 θs,a1
< 1/4 s

k ≤ O(H/log(H))
∥∇k

θVπθ(s0)∥ ≤ (1/3)H/4

∥∇k
θVπθ(s0)∥ ∇k
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Figure 0.1: (Vanishing gradient example) A deterministic, chain MDP of length H + 2. We consider a policy where
⇡(a|si) = ✓si,a for i = 1, 2, . . . , H . Rewards are 0 everywhere other than r(sH+1, a1) = 1. See Proposition 9.1.

9.1 Vanishing Gradients and Saddle Points

To understand the necessity of optimizing under a distribution µ that is different from ⇢, let us first give an informal
argument that some condition on the state distribution of ⇡, or equivalently µ, is necessary for stationarity to imply
optimality. For example, in a sparse-reward MDP (where the agent is only rewarded upon visiting some small set of
states), a policy that does not visit any rewarding states will have zero gradient, even though it is arbitrarily suboptimal
in terms of values. Below, we give a more quantitative version of this intuition, which demonstrates that even if ⇡
chooses all actions with reasonable probabilities (and hence the agent will visit all states if the MDP is connected),
then there is an MDP where a large fraction of the policies ⇡ have vanishingly small gradients, and yet these policies
are highly suboptimal in terms of their value.

Concretely, consider the chain MDP of length H + 2 shown in Figure 0.1. The starting state of interest is state s0 and
the discount factor � = H/(H + 1). Suppose we work with the direct parameterization, where ⇡✓(a|s) = ✓s,a for
a = a1, a2, a3 and ⇡✓(a4|s) = 1� ✓s,a1 � ✓s,a2 � ✓s,a3 . Note we do not over-parameterize the policy. For this MDP
and policy structure, if we were to initialize the probabilities over actions, say deterministically, then there is an MDP
(obtained by permuting the actions) where all the probabilities for a1 will be less than 1/4.

The following result not only shows that the gradient is exponentially small in H , it also shows that many higher order
derivatives, up to O(H/ logH), are also exponentially small in H .

Proposition 9.1 (Vanishing gradients at suboptimal parameters). Consider the chain MDP of Figure 0.1, with H + 2
states, � = H/(H + 1), and with the direct policy parameterization (with 3|S| parameters, as described in the text
above). Suppose ✓ is such that 0 < ✓ < 1 (componentwise) and ✓s,a1 < 1/4 (for all states s). For all k 

H

40 log(2H)�1,
we have

��rk

✓
V ⇡✓ (s0)

��  (1/3)H/4, where r
k

✓
V ⇡✓ (s0) is a tensor of the kth order derivatives of V ⇡✓ (s0) and the

norm is the operator norm of the tensor.1 Furthermore, V ?(s0)� V ⇡✓ (s0) � (H + 1)/8� (H + 1)2/3H .

We do not prove this lemma here (see Section 9.5). The lemma illustrates that lack of good exploration can indeed be
detrimental in policy gradient algorithms, since the gradient can be small either due to ⇡ being near-optimal, or, simply
because ⇡ does not visit advantageous states often enough. Furthermore, this lemma also suggests that varied results
in the non-convex optimization literature, on escaping from saddle points, do not directly imply global convergence
due to that the higher order derivatives are small.

While the chain MDP of Figure 0.1, is a common example where sample based estimates of gradients will be 0 under
random exploration strategies; there is an exponentially small in H chance of hitting the goal state under a random
exploration strategy. Note that this lemma is with regards to exact gradients. This suggests that even with exact
computations (along with using exact higher order derivatives) we might expect numerical instabilities.

1The operator norm of a kth-order tensor J 2 Rd⌦k
is defined as supu1,...,uk2Rd : kuik2=1hJ, u1 ⌦ . . .⌦ udi.
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The Softmax Policy Class

•  

(where the number of parameters is SA).  

• We have that: 

 

where  is the indicator function. 

• Lemma: For the softmax policy class, we have:  

πθ(a |s) =
exp(θs,a)

∑a′ 
exp(θs,a′ 

) ,

∂ log πθ(a |s)
∂θs′ ,a′ 

= 1[s = s′ ](1[a = a′ ] − πθ(a′ |s))
1[ ⋅ ]

∂Vπθ(μ)
∂θs,a

= 1
1 − γ

dπθ
μ (s)πθ(a |s)Aπθ(s, a)



Global Convergence
• The update rule for gradient ascent is:  

 

• Concerns:

• Non-convex

• Flat gradients if   

(  becoming any deterministic policy implies  approaches a stationary point)  

• Theorem: Assume the  is strictly positive i.e.  for all states . For , 
then we have that for all states , . 

• Comments:

• rate could be exponentially slow in S, H.

• need  is necessary.

θ(t+1) = θ(t) + η∇θV(t)(μ)

θt → ∞
πt θt

μ μ(s) > 0 s η ≤ (1 − γ)3/8
s V(t)(s) → V⋆(s),  as t → ∞

μ > 0



Log Barrier Regularization

• Relative-entropy for distributions p,q is:  

• Consider the log barrier -regularized objective: 

 

• Gradient Ascent:  
 

• Do small gradients imply a globally optimal policy?

KL(p, q) := Ex∼p[−log q(x)/p(x)] .

λ
Lλ(θ):= Vπθ(μ) − λ Es∼UnifS[KL(UnifA, πθ( ⋅ |s))]

= Vπθ(μ) + λ
SA ∑

s,a
log πθ(a |s) + λ log A

θ(t+1) = θ(t) + η∇θLλ(θ(t))



Global Convergence with the Log Barrier

• The smoothness of  is  

• Corollary: (Iteration complexity with log barrier regularization)  
Set . Starting from any initial ,  

then for all starting state distributions , we have

 

(for constant c). 

Lλ(θ) βλ := 8γ
(1 − γ)3 + 2λ

S

λ = ϵ(1 − γ)

2 dπ⋆
ρ

μ ∞

 and  η = 1/βλ θ(0)

ρ

min
t<T

{V⋆(ρ) − V(t)(ρ)} ≤ ϵ whenever T ≥ c
S2A2

(1 − γ)6 ϵ2

dπ⋆
ρ

μ
2
∞



Today:

When do PG methods converge to a global optima?  

(+ what about function approximation?)



The Natural Policy Gradient

• Recall that the Fisher information matrix of a parameterized density  is defined as  



• Define  as the (average) Fisher matrix on the family of distributions  as: 
 

• The NPG algorithm performs gradient updates in this induced geometry:  
 

where  denotes the Moore-Penrose pseudoinverse of . 

• Idea:

• ‘stretch’ the corners of the simplex out to travel faster  

(as opposed to the log-barrier which keeps us away)

pθ(x)
Ex∼pθ [∇log pθ(x)∇log pθ(x)⊤]

ℱθ
ρ {πθ( ⋅ |s) |s ∈ S}

ℱθ
ρ := Es∼dπθρ

Ea∼πθ(⋅|s) [(∇log πθ(a |s))∇log πθ(a |s)⊤] .

θ(t+1) = θ(t) + ηFρ(θ(t))† ∇θV(t)(ρ),
M† M



“Compatible Function Approximation” 
(and NPG)

J G Esand A 5,9 leg als



Compatible Function Approximation
• Let  denote the following minimizer of the “compatible function approximation” error:  

 

w⋆

w⋆ ∈ argminwEs∼dπθμ
Ea∼πθ(⋅|s)[(Aπθ(s, a) − w ⋅ ∇θlog πθ(a |s))2]

we



Compatible Function Approximation
• Let  denote the following minimizer of the “compatible function approximation” error:  

 

w⋆

w⋆ ∈ argminwEs∼dπθμ
Ea∼πθ(⋅|s)[(Aπθ(s, a) − w ⋅ ∇θlog πθ(a |s))2]

• Lemma:  Let  be the best linear predictor of  using , i.e. 
  We have:  

 

 
We can use  instead of .

̂A πθ(s, a) Aπθ(s, a) ∇θlog πθ(a |s)̂A πθ(s, a) := w⋆ ⋅ ∇θlog πθ(a |s) .
∇θVπθ(μ) = 1

1 − γ
Es∼dπθμ

Ea∼πθ(⋅|s)[∇θlog πθ(a |s) ̂A πθ(s, a)]

̂A πθ(s, a) Aπθ(s, a)



Proof
• The first order optimality conditions for  imply 

 
w⋆

Es∼dπθμ
Ea∼πθ(⋅|s)[(Aπθ(s, a) − w⋆ ⋅ ∇θlog πθ(a |s))∇θlog πθ(a |s)] = 0



Proof
• The first order optimality conditions for  imply 

 
w⋆

Es∼dπθμ
Ea∼πθ(⋅|s)[(Aπθ(s, a) − w⋆ ⋅ ∇θlog πθ(a |s))∇θlog πθ(a |s)] = 0

• Rearranging and using the definition of , 

 

̂A πθ(s, a)
∇θVπθ(μ) = 1

1 − γ
Es∼dπθμ

Ea∼πθ(⋅|s)[Aπθ(s, a)∇θlog πθ(a |s)]



Proof
• The first order optimality conditions for  imply 

 
w⋆

Es∼dπθμ
Ea∼πθ(⋅|s)[(Aπθ(s, a) − w⋆ ⋅ ∇θlog πθ(a |s))∇θlog πθ(a |s)] = 0

• Rearranging and using the definition of , 

 

̂A πθ(s, a)
∇θVπθ(μ) = 1

1 − γ
Es∼dπθμ

Ea∼πθ(⋅|s)[Aπθ(s, a)∇θlog πθ(a |s)]

                     
= 1

1 − γ
Es∼dπθμ

Ea∼πθ(⋅|s)[(w⋆ ⋅ ∇θlog πθ(a |s))∇θlog πθ(a |s)]

= 1
1 − γ

Es∼dπθμ
Ea∼πθ(⋅|s)[ ̂A πθ(s, a)∇θlog πθ(a |s)]



NPG & Compatible Function Approximation

• Let  denote the following minimizer of the “compatible function approximation” error:  

 

w⋆

w⋆ ∈ argminwEs∼dπθμ
Ea∼πθ(⋅|s)[(Aπθ(s, a) − w ⋅ ∇θlog πθ(a |s))2]



NPG & Compatible Function Approximation

• Let  denote the following minimizer of the “compatible function approximation” error:  

 

w⋆

w⋆ ∈ argminwEs∼dπθμ
Ea∼πθ(⋅|s)[(Aπθ(s, a) − w ⋅ ∇θlog πθ(a |s))2]

• Lemma:  We have that  

The NPG direction is the weights 

Fμ(θ)† ∇θVθ(μ) = 1
1 − γ

w⋆,

w⋆

d



Proof
• The first order optimality conditions for  imply 

 
w⋆

Es∼dπθμ , a∼πθ(⋅|s)[(Aπθ(s, a) − w⋆ ⋅ ∇θlog πθ(a |s))∇θlog πθ(a |s)] = 0



Proof
• The first order optimality conditions for  imply 

 
w⋆

Es∼dπθμ , a∼πθ(⋅|s)[(Aπθ(s, a) − w⋆ ⋅ ∇θlog πθ(a |s))∇θlog πθ(a |s)] = 0

• Rearranging 
 Es∼dπθμ , a∼πθ(⋅|s)[Aπθ(s, a)∇θlog πθ(a |s)] = Es∼dπθμ , a∼πθ(⋅|s)[∇θlog πθ(a |s)∇θlog πθ(a |s)⊤]w⋆



Proof
• The first order optimality conditions for  imply 

 
w⋆

Es∼dπθμ , a∼πθ(⋅|s)[(Aπθ(s, a) − w⋆ ⋅ ∇θlog πθ(a |s))∇θlog πθ(a |s)] = 0

• Rearranging 
 Es∼dπθμ , a∼πθ(⋅|s)[Aπθ(s, a)∇θlog πθ(a |s)] = Es∼dπθμ , a∼πθ(⋅|s)[∇θlog πθ(a |s)∇θlog πθ(a |s)⊤]w⋆

• By the definition of  and : ∇θVθ(μ) Fμ(θ)
(1 − γ)∇θVθ(μ) = Fμ(θ)w⋆



Softmax Case: 
NPG and Global Convergence to Opt



NPG softmax case 
(NPG as “soft” policy iteration)

• Lemma: (Softmax NPG as soft policy iteration) The NPG update is:  
 θ(t+1) = θ(t) + η

1 − γ
A(t)

Totals q.no



NPG softmax case 
(NPG as “soft” policy iteration)

• Lemma: (Softmax NPG as soft policy iteration) The NPG update is:  
 θ(t+1) = θ(t) + η

1 − γ
A(t)

• and this leads to the update: 

 

where .

π(t+1)(a |s) = π(t)(a |s)
exp(ηA(t)(s, a)/(1 − γ))

Zt(s) ,

Zt(s) = ∑a π(t)(a |s)exp(ηA(t)(s, a)/(1 − γ))

WE A'Isa



Proof
• Recall that:  

 

where 

Fμ(θ)† ∇θVθ(μ) = 1
1 − γ

w⋆

w⋆ ∈ argminwEs∼dπθμ
Ea∼πθ(⋅|s)[(Aπθ(s, a) − w ⋅ ∇θlog πθ(a |s))2]



Proof
• Recall that:  

 

where 

Fμ(θ)† ∇θVθ(μ) = 1
1 − γ

w⋆

w⋆ ∈ argminwEs∼dπθμ
Ea∼πθ(⋅|s)[(Aπθ(s, a) − w ⋅ ∇θlog πθ(a |s))2]

• So we want to show that:  [w⋆]s,a = Aπθ(s, a)



Proof
• Recall that:  

 

where 

Fμ(θ)† ∇θVθ(μ) = 1
1 − γ

w⋆

w⋆ ∈ argminwEs∼dπθμ
Ea∼πθ(⋅|s)[(Aπθ(s, a) − w ⋅ ∇θlog πθ(a |s))2]

• So we want to show that:  [w⋆]s,a = Aπθ(s, a)

• Also, recall that: 
∂ log πθ(a |s)

∂θs′ ,a′ 

= 1[s = s′ ](1[a = a′ ] − πθ(a′ |s))

Σ A is a
at

A 15,91

x ̅
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Proof
• Recall that:  

 

where 

Fμ(θ)† ∇θVθ(μ) = 1
1 − γ

w⋆

w⋆ ∈ argminwEs∼dπθμ
Ea∼πθ(⋅|s)[(Aπθ(s, a) − w ⋅ ∇θlog πθ(a |s))2]

• So we want to show that:  [w⋆]s,a = Aπθ(s, a)

• Also, recall that: 
∂ log πθ(a |s)

∂θs′ ,a′ 

= 1[s = s′ ](1[a = a′ ] − πθ(a′ |s))
• What is a minimizer for this square loss problem?



Global convergence for NPG

• Theorem: Params:  and . For all  and , we have:  

 

θ(0) = 0 η > 0 ρ T > 0
V(T)(ρ) ≥ V⋆(ρ) − log A

ηT
− 1

(1 − γ)2T
.



Global convergence for NPG

• Theorem: Params:  and . For all  and , we have:  

 

θ(0) = 0 η > 0 ρ T > 0
V(T)(ρ) ≥ V⋆(ρ) − log A

ηT
− 1

(1 − γ)2T
.

• Setting , NPG finds an -opt policy when .η ≥ (1 − γ)2log A ϵ T ≥ 2
(1 − γ)2ϵ



Global convergence for NPG

• Theorem: Params:  and . For all  and , we have:  

 

θ(0) = 0 η > 0 ρ T > 0
V(T)(ρ) ≥ V⋆(ρ) − log A

ηT
− 1

(1 − γ)2T
.

• Setting , NPG finds an -opt policy when .η ≥ (1 − γ)2log A ϵ T ≥ 2
(1 − γ)2ϵ

• Iteration complexity has:

• No dimension dependence (no dependence on )

• No dependence on start state measure  (and no “dist mismatch factor”)

• No ‘flat gradient’ problem 

S, A
ρ



Global convergence for NPG

• Theorem: Params:  and . For all  and , we have:  

 

θ(0) = 0 η > 0 ρ T > 0
V(T)(ρ) ≥ V⋆(ρ) − log A

ηT
− 1

(1 − γ)2T
.

• Setting , NPG finds an -opt policy when .η ≥ (1 − γ)2log A ϵ T ≥ 2
(1 − γ)2ϵ

• Iteration complexity has:

• No dimension dependence (no dependence on )

• No dependence on start state measure  (and no “dist mismatch factor”)

• No ‘flat gradient’ problem 

S, A
ρ

• What about approx/estimation errors?



Improvement Lower Bound



Improvement Lower Bound
• Lemma: For the iterates  generated by the NPG, we have for all distributions : 

 

π(t) μ
V(t+1)(μ) − V(t)(μ) ≥ (1 − γ)

η
Es∼μ log Zt(s) ≥ 0.



Improvement Lower Bound
• Lemma: For the iterates  generated by the NPG, we have for all distributions : 

 

π(t) μ
V(t+1)(μ) − V(t)(μ) ≥ (1 − γ)

η
Es∼μ log Zt(s) ≥ 0.

• Proof: First, let us show that . To see this, observe:log Zt(s) ≥ 0

2 Cats ett's



Improvement Lower Bound
• Lemma: For the iterates  generated by the NPG, we have for all distributions : 

 

π(t) μ
V(t+1)(μ) − V(t)(μ) ≥ (1 − γ)

η
Es∼μ log Zt(s) ≥ 0.

• Proof: First, let us show that . To see this, observe:log Zt(s) ≥ 0
 
log Zt(s) = log∑

a
π(t)(a |s)exp(ηA(t)(s, a)/(1 − γ))

≥ ∑
a

π(t)(a |s)log exp(ηA(t)(s, a)/(1 − γ))

= η
1 − γ ∑

a
π(t)(a |s)A(t)(s, a) = 0.



Improvement Lower Bound
• Lemma: For the iterates  generated by the NPG, we have for all distributions : 

 

π(t) μ
V(t+1)(μ) − V(t)(μ) ≥ (1 − γ)

η
Es∼μ log Zt(s) ≥ 0.

• Proof: First, let us show that . To see this, observe:log Zt(s) ≥ 0
 
log Zt(s) = log∑

a
π(t)(a |s)exp(ηA(t)(s, a)/(1 − γ))

≥ ∑
a

π(t)(a |s)log exp(ηA(t)(s, a)/(1 − γ))

= η
1 − γ ∑

a
π(t)(a |s)A(t)(s, a) = 0.

(using Jensen’s inequality on the concave function .)log x



Lemma Proof: continued….



Lemma Proof: continued….
By the performance difference lemma, 
V(t+1)(μ) − V(t)(μ) = 1

1 − γ
Es∼d(t+1)

μ ∑
a

π(t+1)(a |s)A(t)(s, a)

Hia's
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Lemma Proof: continued….
By the performance difference lemma, 
V(t+1)(μ) − V(t)(μ) = 1

1 − γ
Es∼d(t+1)

μ ∑
a

π(t+1)(a |s)A(t)(s, a)

                                

 
where the last step uses that  and that .

= 1
η

Es∼d(t+1)
μ ∑

a
π(t+1)(a |s)log π(t+1)(a |s)Zt(s)

π(t)(a |s)

= 1
η

Es∼d(t+1)
μ

KL(π(t+1)
s | |π(t)

s ) + 1
η

Es∼d(t+1)
μ

log Zt(s)

≥ 1
η

Es∼d(t+1)
μ

log Zt(s) ≥ 1 − γ
η

Es∼μ log Zt(s),

d(t+1)
μ ≥ (1 − γ)μ log Zt(s) ≥ 0



NPG Conv. Proof, Part 1
•  as shorthand for ;   as shorthand for the vector of d⋆ d⋆

ρ πs π( ⋅ |s)



NPG Conv. Proof, Part 1
•  as shorthand for ;   as shorthand for the vector of d⋆ d⋆

ρ πs π( ⋅ |s)
• By the performance difference lemma, 

 

Vπ⋆(ρ)−V(t)(ρ) = 1
1 − γ

Es∼d⋆ ∑
a

π⋆(a |s)A(t)(s, a)

= 1
η

Es∼d⋆ ∑
a

π⋆(a |s)log π(t+1)(a |s)Zt(s)
π(t)(a |s)



NPG Conv. Proof, Part 1
•  as shorthand for ;   as shorthand for the vector of d⋆ d⋆

ρ πs π( ⋅ |s)
• By the performance difference lemma, 

 

Vπ⋆(ρ)−V(t)(ρ) = 1
1 − γ

Es∼d⋆ ∑
a

π⋆(a |s)A(t)(s, a)

= 1
η

Es∼d⋆ ∑
a

π⋆(a |s)log π(t+1)(a |s)Zt(s)
π(t)(a |s)

                
= 1

η
Es∼d⋆ (KL(π⋆

s | |π(t)
s ) − KL(π⋆

s | |π(t+1)
s ) + ∑

a
π*(a |s)log Zt(s))

= 1
η

Es∼d⋆ (KL(π⋆
s | |π(t)

s ) − KL(π⋆
s | |π(t+1)

s ) + log Zt(s)),

sep
5

al ly



NPG Conv. Proof, Part 2



NPG Conv. Proof, Part 2
• By the  improvement lemma .  Hence, V(t+1)(ρ) ≥ V(t)(ρ)

Vπ⋆(ρ)−V(T−1)(ρ) ≤ 1
T

T−1

∑
t=0

(Vπ⋆(ρ) − V(t)(ρ))

= 1
ηT

T−1

∑
t=0

Es∼d⋆(KL(π⋆
s | |π(t)

s ) − KL(π⋆
s | |π(t+1)

s )) + 1
ηT

T−1

∑
t=0

Es∼d⋆ log Zt(s)



NPG Conv. Proof, Part 2
• By the  improvement lemma .  Hence, V(t+1)(ρ) ≥ V(t)(ρ)

Vπ⋆(ρ)−V(T−1)(ρ) ≤ 1
T

T−1

∑
t=0

(Vπ⋆(ρ) − V(t)(ρ))

= 1
ηT

T−1

∑
t=0

Es∼d⋆(KL(π⋆
s | |π(t)

s ) − KL(π⋆
s | |π(t+1)

s )) + 1
ηT

T−1

∑
t=0

Es∼d⋆ log Zt(s)

•  

             ≤ Es∼d⋆KL(π⋆
s | |π(0))

ηT
+ 1

ηT

T−1

∑
t=0

Es∼d⋆ log Zt(s) .



NPG Conv. Proof, Part 2
• By the  improvement lemma .  Hence, V(t+1)(ρ) ≥ V(t)(ρ)

Vπ⋆(ρ)−V(T−1)(ρ) ≤ 1
T

T−1

∑
t=0

(Vπ⋆(ρ) − V(t)(ρ))

= 1
ηT

T−1

∑
t=0

Es∼d⋆(KL(π⋆
s | |π(t)

s ) − KL(π⋆
s | |π(t+1)

s )) + 1
ηT

T−1

∑
t=0

Es∼d⋆ log Zt(s)

•  

             ≤ Es∼d⋆KL(π⋆
s | |π(0))

ηT
+ 1

ηT

T−1

∑
t=0

Es∼d⋆ log Zt(s) .

• Again, by the improvement lemma (applied with  as the distribution), we have:  

 

which gives us a bound on .

d⋆
1
η

Es∼d⋆ log Zt(s) ≤ 1
1 − γ (V(t+1)(d⋆) − V(t)(d⋆))

Es∼d⋆ log Zt(s)
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NPG Conv. Proof, Part 3

Vπ⋆(ρ) − V(T−1)(ρ) ≤ Es∼d⋆KL(π⋆
s | |π(0))

ηT
+ 1

ηT

T−1

∑
t=0

Es∼d⋆ log Zt(s)



NPG Conv. Proof, Part 3

Vπ⋆(ρ) − V(T−1)(ρ) ≤ Es∼d⋆KL(π⋆
s | |π(0))

ηT
+ 1

ηT

T−1

∑
t=0

Es∼d⋆ log Zt(s)

                                

≤ Es∼d⋆KL(π⋆
s | |π(0))

ηT
+ 1

(1 − γ)T
T−1

∑
t=0

(V(t+1)(d⋆) − V(t)(d⋆))
= Es∼d⋆KL(π⋆

s | |π(0))
ηT

+ V(T)(d⋆) − V(0)(d⋆)
(1 − γ)T

≤ log A
ηT

+ 1
(1 − γ)2T

.

06
Oft t 22

easier



What about Function Approximation?

NPG and variants for log-linear policy classes



What about Function Approximation?

1. Softmax Policy for 
Tabular MDPs:

θs,a ∈ ℝ, ∀s, a ∈ S × A

πθ(a |s) =
exp(θs,a)

∑a′ 
exp(θs,a′ 

)

2. Log Linear Policy (e.g., for 
linear MDPs):

Feature vector , and 
parameter 

ϕ(s, a) ∈ ℝd

θ ∈ ℝd

πθ(a |s) = exp(θ⊤ϕ(s, a))
∑a′ 

exp(θ⊤ϕ(s, a′ ))

3. Neural Policy:

Neural network  
fθ : S × A ↦ ℝ

πθ(a |s) = exp( fθ(s, a))
∑a′ 

exp( fθ(s, a′ ))



NPG & Log Linear Policy Classes
• Feature vector ,  ϕ(s, a) ∈ ℝd πθ(a |s) = exp(θ⊤ϕ(s, a))

∑a′ 
exp(θ⊤ϕ(s, a′ ))



NPG & Log Linear Policy Classes
• Feature vector ,  ϕ(s, a) ∈ ℝd πθ(a |s) = exp(θ⊤ϕ(s, a))

∑a′ 
exp(θ⊤ϕ(s, a′ ))

• We have: 
,   where   . ∇θlog πθ(a |s) = ϕ θ

s,a ϕ θ
s,a = ϕs,a − Ea′ ∼πθ(⋅|s)[ϕs,a′ 

]



NPG & Log Linear Policy Classes
• Feature vector ,  ϕ(s, a) ∈ ℝd πθ(a |s) = exp(θ⊤ϕ(s, a))

∑a′ 
exp(θ⊤ϕ(s, a′ ))

• We have: 
,   where   . ∇θlog πθ(a |s) = ϕ θ

s,a ϕ θ
s,a = ϕs,a − Ea′ ∼πθ(⋅|s)[ϕs,a′ 

]

• The NPG update: 
. θ ← θ + η

1 − γ
w⋆, w⋆ ∈ argminwEs∼dπθρ ,a∼πθ(⋅|s)[(Aπθ(s, a) − w ⋅ ϕ θ

s,a)2]



NPG & Log Linear Policy Classes
• Feature vector ,  ϕ(s, a) ∈ ℝd πθ(a |s) = exp(θ⊤ϕ(s, a))

∑a′ 
exp(θ⊤ϕ(s, a′ ))

• We have: 
,   where   . ∇θlog πθ(a |s) = ϕ θ

s,a ϕ θ
s,a = ϕs,a − Ea′ ∼πθ(⋅|s)[ϕs,a′ 

]

• The NPG update: 
. θ ← θ + η

1 − γ
w⋆, w⋆ ∈ argminwEs∼dπθρ ,a∼πθ(⋅|s)[(Aπθ(s, a) − w ⋅ ϕ θ

s,a)2]

• Equivalently, for the same , 

 

(  is the normalizing constant.) Using  or  result in the same update for .

w⋆

π(a |s) ←
π(a |s)exp( η

1 − γ w⋆ ⋅ ϕs,a)
Zs

Zs ϕ ϕ π



Q-NPG: use Q rather A 
(a little nice to interpret for analysis)

• Still log linear class. 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(a little nice to interpret for analysis)

• Still log linear class. 

• The Q-NPG update: 
. θ ← θ + η

1 − γ
w⋆, w⋆ ∈ argminwEs∼dπθρ ,a∼πθ(⋅|s)[(Qπθ(s, a) − w ⋅ ϕs,a)2]



Q-NPG: use Q rather A 
(a little nice to interpret for analysis)

• Still log linear class. 

• The Q-NPG update: 
. θ ← θ + η

1 − γ
w⋆, w⋆ ∈ argminwEs∼dπθρ ,a∼πθ(⋅|s)[(Qπθ(s, a) − w ⋅ ϕs,a)2]

• Equivalently, for the same , 
 

 

(  is the normalizing constant.)

w⋆

π(a |s) ←
π(a |s)exp( η

1 − γ w⋆ ⋅ ϕs,a)
Zs

Zs



Approximate Q-NPG + With a Starting Measure 
(e.g. we use samples to estimate Q)

• For a state-action distribution ,  define:  
. 

D
L(w; θ, D) := Es,a∼D[(Qπθ(s, a) − w ⋅ ϕs,a)2]



Approximate Q-NPG + With a Starting Measure 
(e.g. we use samples to estimate Q)

• For a state-action distribution ,  define:  
. 

D
L(w; θ, D) := Es,a∼D[(Qπθ(s, a) − w ⋅ ϕs,a)2]

• Let us consider using an on-policy state action measure starting with . 

• this will help with “exploration” and the flat gradient problem when there is 

approximation

• shorthand: 

s0, a0 ∼ ν

d(t)(s, a) := dπ(t)
ν (s, a)



Approximate Q-NPG + With a Starting Measure 
(e.g. we use samples to estimate Q)

• For a state-action distribution ,  define:  
. 

D
L(w; θ, D) := Es,a∼D[(Qπθ(s, a) − w ⋅ ϕs,a)2]

• Let us consider using an on-policy state action measure starting with . 

• this will help with “exploration” and the flat gradient problem when there is 

approximation

• shorthand: 

s0, a0 ∼ ν

d(t)(s, a) := dπ(t)
ν (s, a)

• The approximate version: 
,  where. ,θ(t+1) = θ(t) + η

1 − γ
w(t) w(t) ≈ argmin∥w∥2≤WL(w; θ(t), d(t))



Approximate Q-NPG + With a Starting Measure 
(e.g. we use samples to estimate Q)

• For a state-action distribution ,  define:  
. 

D
L(w; θ, D) := Es,a∼D[(Qπθ(s, a) − w ⋅ ϕs,a)2]

• Let us consider using an on-policy state action measure starting with . 

• this will help with “exploration” and the flat gradient problem when there is 

approximation

• shorthand: 

s0, a0 ∼ ν

d(t)(s, a) := dπ(t)
ν (s, a)

• The approximate version: 
,  where. ,θ(t+1) = θ(t) + η

1 − γ
w(t) w(t) ≈ argmin∥w∥2≤WL(w; θ(t), d(t))

• Equivalently, 

π(t+1)(a |s) ←
π(t)(a |s)exp( η

1 − γ w(t) ⋅ ϕs,a)
Zs



Generic Perturbation Analysis of NPG



NPG regret lemma
• Set . Consider an arbitrary sequence of weights , s.t.  .θ(0) = 0 w(0), …, w(T) ∥w(t)∥2 ≤ W



NPG regret lemma
• Set . Consider an arbitrary sequence of weights , s.t.  .θ(0) = 0 w(0), …, w(T) ∥w(t)∥2 ≤ W
• Update rule:  θ(t+1) = θ(t) + ηw(t)



NPG regret lemma
• Set . Consider an arbitrary sequence of weights , s.t.  .θ(0) = 0 w(0), …, w(T) ∥w(t)∥2 ≤ W
• Update rule:  θ(t+1) = θ(t) + ηw(t)

• Lemma: (NPG Regret Lemma)  
Fix any comparison policy  and any state distribution .  
Assume  (for all ) is a -smooth function of .  
Define: . 
We have that: 

 

(where we set using ) 

π̃ ρ
log πθ(a |s) s, a β θ

errt = Es∼d̃ Ea∼π̃(⋅|s)[A(t)(s, a) − w(t) ⋅ ∇θlog π(t)(a |s)]

min
t<T {Vπ̃(ρ) − V(t)(ρ)} ≤ 1

1 − γ (W
2β log A

T
+ 1

T

T−1

∑
t=0

errt) .

η = 2 log A/(βW2T)



NPG regret lemma
• Set . Consider an arbitrary sequence of weights , s.t.  .θ(0) = 0 w(0), …, w(T) ∥w(t)∥2 ≤ W
• Update rule:  θ(t+1) = θ(t) + ηw(t)

• Lemma: (NPG Regret Lemma)  
Fix any comparison policy  and any state distribution .  
Assume  (for all ) is a -smooth function of .  
Define: . 
We have that: 

 

(where we set using ) 

π̃ ρ
log πθ(a |s) s, a β θ

errt = Es∼d̃ Ea∼π̃(⋅|s)[A(t)(s, a) − w(t) ⋅ ∇θlog π(t)(a |s)]

min
t<T {Vπ̃(ρ) − V(t)(ρ)} ≤ 1

1 − γ (W
2β log A

T
+ 1

T

T−1

∑
t=0

errt) .

η = 2 log A/(βW2T)

• Proof: Mirror descent style of analysis + Perf. Difference Lemma



Approximate Q-NPG 
(e.g. we use samples to estimate Q)

• The approximate version: 
,  where. , θ(t+1) = θ(t) + ηw(t) w(t) ≈ argmin∥w∥2≤WL(w; θ(t), d(t))



Approximate Q-NPG 
(e.g. we use samples to estimate Q)

• The approximate version: 
,  where. , θ(t+1) = θ(t) + ηw(t) w(t) ≈ argmin∥w∥2≤WL(w; θ(t), d(t))

• Error Decomposition:  
 

 

 
where 

L(w(t); θ(t), d(t)) = L(w(t); θ(t), d(t)) − L(w(t)
⋆ ; θ(t), d(t))

Excess risk

+ L(w(t)
⋆ ; θ(t), d(t))

Approximation error

w(t)
⋆ ∈ argmin∥w∥2≤WL(w; θ(t), d(t))



Q-NPG Conv Rate w/ Estimation Error  
(no approx error)

• Suppose no approx error:   
Suppose the excess risk: 

,  

L(w(t)
⋆ ; θ(t), d(t)) = 0

L(w(t); θ(t), d(t)) − L(w(t)
⋆ ; θ(t), d(t)) ≤ ϵstat
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(no approx error)

• Suppose no approx error:   
Suppose the excess risk: 

,  

L(w(t)
⋆ ; θ(t), d(t)) = 0

L(w(t); θ(t), d(t)) − L(w(t)
⋆ ; θ(t), d(t)) ≤ ϵstat

• Conditioning: suppose  and, for the initial measure , 
 

∥ϕs,a∥2 ≤ 1 ν
σmin(Es,a∼ν[ϕs,aϕ⊤

s,a]) = λmin, κ = 1/λ .



Q-NPG Conv Rate w/ Estimation Error  
(no approx error)

• Suppose no approx error:   
Suppose the excess risk: 

,  

L(w(t)
⋆ ; θ(t), d(t)) = 0

L(w(t); θ(t), d(t)) − L(w(t)
⋆ ; θ(t), d(t)) ≤ ϵstat

• Conditioning: suppose  and, for the initial measure , 
 

∥ϕs,a∥2 ≤ 1 ν
σmin(Es,a∼ν[ϕs,aϕ⊤

s,a]) = λmin, κ = 1/λ .

• Theorem: Fix any state distribution ; any comparator policy  (not necessarily optimal).  
With  set appropriately and under the above assumptions, we have that:  

ρ π⋆

η

E [min
t<T {Vπ⋆(ρ) − V(t)(ρ)}] ≤ W

1 − γ
2 log A

T
+ 4A

(1 − γ)3 (κ ⋅ ϵstat)



Q-NPG Conv Rate with Approx+Est. Errors
• Suppose the excess risk and approx error are bounded as:  

,  
, 

L(w(t); θ(t), d(t)) − L(w(t)
⋆ ; θ(t), d(t)) ≤ ϵstat

L(w(t)
⋆ ; θ(t), d(t)) ≤ ϵapprox
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• Suppose the excess risk and approx error are bounded as:  

,  
, 

L(w(t); θ(t), d(t)) − L(w(t)
⋆ ; θ(t), d(t)) ≤ ϵstat

L(w(t)
⋆ ; θ(t), d(t)) ≤ ϵapprox

• Conditioning: suppose  and, for the initial measure , 
 

∥ϕs,a∥2 ≤ 1 ν
σmin(Es,a∼ν[ϕs,aϕ⊤

s,a]) = λmin, κ = 1/λ .



Q-NPG Conv Rate with Approx+Est. Errors
• Suppose the excess risk and approx error are bounded as:  

,  
, 

L(w(t); θ(t), d(t)) − L(w(t)
⋆ ; θ(t), d(t)) ≤ ϵstat

L(w(t)
⋆ ; θ(t), d(t)) ≤ ϵapprox

• Conditioning: suppose  and, for the initial measure , 
 

∥ϕs,a∥2 ≤ 1 ν
σmin(Es,a∼ν[ϕs,aϕ⊤

s,a]) = λmin, κ = 1/λ .

• Theorem: Fix any state distribution ; any comparator policy  (not necessarily optimal).  
With  set appropriately and under the above assumptions, we have that:  

ρ π⋆

η

E [min
t<T {Vπ⋆(ρ) − V(t)(ρ)}]

≤ BW
1 − γ

2 log A
T

+ 4A
(1 − γ)3 (κ ⋅ ϵstat + d⋆

ν ∞ ⋅ ϵapprox)
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fθ : S × A ↦ ℝ
πθ(a |s) = exp( fθ(s, a))

∑a′ 
exp( fθ(s, a′ ))
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