Policy Gradient: Optimality

CS 2824: Foundations of Reinforcement Learning



Summary/Today

* Do they PG methods globally converge to an optimal policy?
QU+ — g 4 n VQV(t)(ﬂ)

* Recap++

* Today:
* Landscape result & Exploration
* Tabular case
e Natural policy gradient



Recap++



. Things to remember Af@[ﬁ
5@) z V (5:) a Vi M‘)

1
Vol (0) i= —F, i | Volnmy(a|s)Q™(s, a)|
W
g7 35 ) e

Today: we use d for a state distribution measure. L
>0 for a distribution over states s ~ u, let:

(for convenience, we overload notation)

di(s) = (1=7) ), 7"P(sy = 5150, 1) Vi) = E,, [V¥()]

h=0
S di(s) = E, ., [d%(s)]
di(s,a) = (1 —y) ), Y"P(s, = 5,a, = a| 55, ) ’ e
h=0



Derivation of unbiased Stochastic Policy Gradient

1
V,J(0) := 1—[5,,“,@ | Voln my(a|s)Q™(s, a)|

Draw & « 7", roll-in 7, to generate s, a; ~ IPZG

i>h
Roll-out 7, from (s}, @) : terminate with prob 1 —y, Q™(s;, a;) = Z r,
=h

Unbiased estimate: Vyln zy(a,, | Sh)a’[@(sh, a,)



Policy Gradient: Examples of Policy Parameterization (discrete actions)

_ 2. Softmax linear Policy 3. Neural Policy:
1. Softmax Policy for (e.g., for linear MDPs):
Tabular MDPs:
Feature vector ¢(s, a) € R¢ and Neural network
Ora € R, VS, a € 5X A parameter @ € R4 | Jo: SXA-R
exp(6; ,)
myals) = . |
2. exp(b; ) exp(0 ¢(s,a)) exp(fy(s, a))
PO, nfals) = =D aals) = ,
Y. exp(@T¢(s, a")) >, eXp(fy(s, a"))



PG as non-convex optimization



Convergence to Stationary Points of GD

J(my) is non-convex



Convergence to Stationary Points of GD

J(my) is non-convex

« Def of a #-smooth function F:
IVoF(0) — Vo F (0, < B0 — 6l
which implies:

F(0) — F(6) — V(00— 0| <~

EIIQ—%II%



Convergence to Stationary Points of GD

J(my) is non-convex

« Def of a f~smooth function F:
IVoF(0) — Vo F (0, < B0 — 6l
which implies:

FO) - FO) — VaF @) @~ 6| <210 - 41

 Proposition: (stationary point convergence) Assume F(6) is f-smooth.
Suppose we run gradient ascent: 0,, | = 0, + 1 V,F(0,), with n = 1/(2f). Then:

2 F@@) — F(6
min [|V,F(O)|l5 < pmax, ;) @)
i<T




Convergence to Stationary Point

J(my) is non-convex (see example in the monograph)

Def of f-smooth:
IVoJ(0) = Vo J (@)l < PIIO = 6l

p
| 10) = 10) ~ V4 J(00) (0 = 09| <5110~ 6,3 ¥0.6,

[Theorem] If J(0) is f-smooth, and we run SGA: 0, | = 0, + 1779](9[)
where E [“V})J(e,)] =V, J@0), E [||“V’HJ(@)||§] <o?,

then:

1
E [;Z ||v91<0,>||§] <0 <\/ﬂ62/T>



Today:

When do PG methods converge to a global optima?
(+ what about function approximation?)



A “landscape” result
(and “exploration”)



Vanishing Gradlents and Saddle Points

D B0



Vanishing Gradients and Saddle Points

Q4 Q4

“ 4 =4

Sety = H/(H + 1). Policy param:
for a = aj, ay, a3, my(als) =06, and mya,|s)=1-06

s S,d> S,d3
(this a “direct” param, which is valid inside the simplex)



Vanlshlng Gradlents and Saddle Points

Sety = H/(H + 1) Pollcy param

for a = ay,a, a5, myals) =06,, and mlayls)=1-6,, -6,, —0
(this a “direct” param, which is valid inside the simplex)

a

Theorem: For 0 < 8 < 1 (componentwise) and GS,al < 1/4 (for all states s).
For all k < O(H/log(H)), we have that

(where ||V’5V”9(SO)|| is the operator norm of the tensor VgV”G(SO).



“Vanilla” PG for the Softmax



Let’s consider having a stataring state
distribution with “coverage”



Let’s consider having a stataring state
distribution with “coverage”

 Given our a starting distribution p over states, recall our objective is:

max V*(p) .
0O

where {n,|0 € O C R?} is some class of parametric policies.



Let’s consider having a stataring state
distribution with “coverage”

Given our a starting distribution p over states, recall our objective is:

max V*(p) .
0O

where {n,|0 € O C R?} is some class of parametric policies.

While we are interested in good performance under p, it is helpful to optimize
under a different measure 1:. Specifically, consider optimizing:V"(11), i.e.

max V”*(u),
0cO

even though our ultimate goal is performance under V™(p).



The Softmax Policy Class



The Softmax Policy Class

exp(6; )

ZQ’ eXp(QS,a') ,
(where the number of parameters is SA).

. ﬂe(a|s) =



The Softmax Policy Class

exp(6, ,) j{f [
. mlals) = i : Tel2 S)
ZQ’eXp(HS,a') @ @S B
(where the number of parameters is SA). - Sa % j/ C =2
q

* We have that:

aloigg(aIS) _ 1[S _ S/] (1[a — a/] —~ ne(a’|S))

s’.a’
where 1[ - ] is the indicator function.



The Softmax Policy Class

exp(6; ) . .
’ ]ZG(a'S): za’eXp(Hs,a') , %/ C {7 (S>/4 /S/&/

)
(where the number of parameters is SA). — O 1

-

* We have that:

dlog my(als) _ I[S _ s’] (lla — a’] — ng(a’ls)>

aes’,a/
where 1[ - ] is the indicator function. © )\/ V% 77 /(;; )
. €5 d [éq]
 Lemma: For the softmax policy class, we have: AR
avﬂ'ﬁ(ﬂ) . dﬂH(S)ﬂ- (a | S)AEH(S Cl)
aes,a 1 — /4 . ’ ,

To &
d " () = Cen\u(s)

A



Proof

oV K
v: ) = b opyo Z y'Volnzy(a| s)A™(s, a)]
5,4 | =0

= Lo opy Z y1[s, = s] <1[at = alA™(s,a) — my(a| s)A™(s, at))]

| =0

= ’L'NPI‘ZQ Z ytl [(Sta at) — (S’ a)]Aﬂg(Sa Cl)] + 71'9(61 | S) Z ytETNPrZH [1 [St = S]Aﬂg(st’ at)]
| =0 =0

1
— 1__yE(S,,a/)Ndﬁ9 [1[(s', @) = (s, @)]A™(s, a)| + 0

d™(s,a)A™(s,a),
l—y



Aside: The Performance Difference Lemma

For all z, 7', s

, 1 ,
Vi (s) — V7 (sg) = 1—[ESN%EM(,|S) A7 (s, a))|

—

g Ty = L E T~
V&R 5 By 1aTian)]

S gl
;Q

di(s) = (1=7) Y 7"P(s, = 5150, 7)
h=0



Proof: The Performance Difference Lemma
V7

V™(s) — V’T,(s) =K, prm(.|so=s) thr(st, ay)| — V”/(s)
| t=0
— ETNPr'”(-|So=S) Z/yt (T(Sta a’t) + /YVW/ (St-l-l) - Vﬂ/ (St))]

| t=0

= K prm(|so=s) 27t ("”(St, at) + ’7E[Vﬂ,(3t+1) | 8¢, a¢] — Vﬂ/(st))]
| t=0

= ET’VPI‘”(-|SOZS) Z,yt (Qﬂ"(st, a,t) — VW,(St))]

t=0

= ETNPI‘"(-LSO:S) nytAw,(sta at)] .
| t=0



Global Convergence



Global Convergence

* The update rule for gradient ascent is:

9D = 9O 1 v, VO (y)



Global Convergence

The update rule for gradient ascent is:
e+ — 9 4 n ng(t)(ﬂ)

Concerns:
e Non-convex

- Flat gradients if 6, —» oo

(, becoming any deterministic policy implies 6, approaches a stationary point)



Global Convergence

The update rule for gradient ascent is:
e+ — 9 4 n ng(t)(”)

Concerns:
e Non-convex

- Flat gradients if 6, —» oo
(, becoming any deterministic policy implies 6, approaches a stationary point)

Theorem: Assume the J/ is strictly positive i.e. u(s) > 0 for all states s. Forn < (1 — y)°/8,
then we have that for all states s,V"(s) — V*(s), ast — oo.



Global Convergence

The update rule for gradient ascent is:
e+ — 9 4 n ng(t)(ﬂ)

Concerns:
e Non-convex

- Flat gradients if 6, —» oo
(, becoming any deterministic policy implies 6, approaches a stationary point)

Theorem: Assume the J/ is strictly positive i.e. u(s) > 0 for all states s. Forn < (1 — y)°/8,
then we have that for all states s,V"(s) — V*(s), ast — oo.

Comments:

e need u > 0 is necessary.



PG+Log Barrier Regularization
(for the softmax)



Log Barrier Regularization



Log Barrier Regularization

« Relative-entropy for distributions p,q is: KL(p, q) := Epr[—log q(x)/p(x)].



Log Barrier Regularization

« Relative-entropy for distributions p,q is: KL(p, q) := Epr[—log q(x)/p(x)].

« Consider the log barrier A-regularized objective:
Ly(0):= V™(u) = A E, _pnif,|KL(Unifs, 75 - | 5))]

A
= VA0 + 2 log my(a|s) + Alog A



Log Barrier Regularization

Relative-entropy for distributions p,q is: KL(p, ) := Epr[—log q(x)/p(x)].

Consider the log barrier A-regularized objective:
Ly(0):= V™(u) = A E, _pnif,|KL(Unifs, 75 - | 5))]

A
==VWﬂ}+§Z;;kgnAahy+ﬂbgA

Gradient Ascent:
o) = 90 4 Vv ,L,(O)



Log Barrier Regularization

Relative-entropy for distributions p,q is: KL(p, ) := Epr[—log q(x)/p(x)].

Consider the log barrier A-regularized objective:
Ly(0):= V™(u) = A E, _pnif,|KL(Unifs, 75 - | 5))]

A
==VWﬂ}+EZ;;kgnAahy+JMgA

Gradient Ascent:
o) = 90 4 Vv ,L,(O)

Do small gradients imply a globally optimal policy?



Stationarity and Optimality



Stationarity and Optimality

* Log barrier regularized objective:

A
L(0) = V) + Z log my(a|s) + Alog A



Stationarity and Optimality

* Log barrier regularized objective:

A
L(0) = V) + D logzya|s) + Alog A

e Theorem: (Log barrier regularization) Suppose @ is such that:
|V,L,(0)|], < Eopt and €op , S AI(28A)

then we have for all startlng state distributions p:

vz v |4

where the “distribution mlsmatch coefficient” is
* *
dr d™ (s)
H—Hoo = max < ) (componentwise division notation)
s\ u(s)



Global Convergence with the Log Barrier



Global Convergence with the Log Barrier

8y 24
+
(I1—-y3 S

. The smoothness of L,(0) is f; :=



Global Convergence with the Log Barrier

8y 24
_|_
1-yp® S

. The smoothness of L,(0) is f; :=

» Corollary: (Iteration complexity with log barrier regularization)
e(1-7y)
Set A =

*
V3
dy

and n = 1/p,. Starting from any initial 9O

2

u ||

then for all starting state distributions p, we have

*
/4
dp

U

2

S2A%
min { V*(p) = V® <e whenever T >c
min {V*(p) = V(p) } < 2 e

(for constant c).




Proof, part 1 (optional)

. The proof consists of showing that: max A™(s, a) < 2A/(u(s)S) for all states s.

a

* To see that this is sufficient, observe that by the performance difference lemma:

1
VX(p) = V™(p) = T, dy"(s)m*(a | )A™(s, a)

s,d

1
< — d” (s) max A”™(s, a)
1 — acA

< 1% 247 ()M (u(5)S)

d” (s)
S%mfx< ;(si )

which would then complete the proof.



Proof, part 2 (optional)

need to show A™(s,a) < 2A/(u(s)S) for all (s,a). consider (s, a) where that A™(s,a) > 0 (else claim is true).
0L,(0) | A1
= d,(s)my(a | $)A™(s, a) + AV ry(als)

Recall

s,a

Solving for A™(s, a) in the first step and using ||V, L,(0) ||, < €,,, < 4/(25A),

. 1=y 1 dL,(6O) i B 1
AT = <ng<a|s> 5, s\ n9<a|s>A)>
< 1,,_ Y ( 1 A N i >
d,(s) \my(a|s) 2SA S
1 1 A A _ ” B
= u(s) <Jre(a|s) 2SA T s ) using that d,(s) = (1 = 7)u(s)

Suppose we could show that 7 (a |s) > 1/(2A), when A™(s,a) > 0, then

1 1 A A 1 A A 22 _
< + — ) < <2A + — ) = and the proof is done!
u(s) \my(als) 2SA S u(s) 25A S u(s)S




Proof, part 3 (optional)

« for (s,a) such that A"(s,a) > 0, we want show my(a|s) = 1/(2A).

« The gradient norm assumption || V,L,(0)||, < €,,, implies that:

oL,(6
. 20)
00 I -y

s,a

opt

d;(s)mg(a | s)A™(s, a) + % <% — my(al S))

€
>O+/l : (als) ing A"™(s,a) 20

— —_— — n .

ya|s using S, d

» Rearranging and using our assumption €,,,, < Al(2SA),
€

optS > 1

> — — )
molals) 2 - ——— =2



The Natural Policy Gradient

« Recall that the Fisher information matrix of a parameterized density p,(x) is defined as

Epre [ Vlog py(x) Vlog pg(x)T]



The Natural Policy Gradient

« Recall that the Fisher information matrix of a parameterized density p,(x) is defined as
Epre [ Vlog py(x) Vlog pe(x)T]

« Define 9}'2 as the (average) Fisher matrix on the family of distributions {7zy( - |s)|s € S} as:

9;9) = Eswd/’fﬁ a~my(-|s) [( Vlog ﬂ-ﬁ(a | S)) Vlog ﬂﬁ(a | S)T] .



The Natural Policy Gradient

« Recall that the Fisher information matrix of a parameterized density p,(x) is defined as

Epre [ Vlog py(x) Vlog pe(x)T]

« Define ?Fg as the (average) Fisher matrix on the family of distributions {7zy( - |s)|s € S} as:

F = Ey By 1) |(Viog zy(al 5)) Viog my(al s)'| .

* The NPG algorithm performs gradient updates in this induced geometry:
0D = 69 1+ nF,(69) V4V O(p),

where M ' denotes the Moore-Penrose pseudoinverse of M.



The Natural Policy Gradient

Recall that the Fisher information matrix of a parameterized density p,(x) is defined as
Epre [ Vlog py(x) Vlog pe(x)T]
Define Y as the (average) Fisher matrix on the family of distributions {my(-|5)|s €S} as:

P
Fh = Ey goE, [(Vlog my(a|s)) Vieg my(als)'| .

p S ~7y(+|$)

The NPG algorithm performs gradient updates in this induced geometry:
euth — g 4 an((g(r))' VQV(’)(p),

where M ' denotes the Moore-Penrose pseudoinverse of M.

ldea:

e ‘stretch’ the corners of the simplex out to travel faster
(as opposed to the log-barrier which keeps us away)



“Compatible Function Approximation”
(and NPGQG)



Compatible Function Approximation

« Let w* denote the following minimizer of the “compatible function approximation” error:

w* € argmin E;_ ok, (A%(s,a) —w - Vylog my(als))*

1~my(-|$)



Compatible Function Approximation

« Let w* denote the following minimizer of the “compatible function approximation” error:

w* € argmin E

SNa’ZfHEaNﬂ@(-Ls) (AEH(Sa a —w- Vﬁlog 71'9(61 | S))2
« Lemma: Let A\”@(s, a) be the best linear predictor of A™(s, a) using Vylog my(a|s), i.e.
A(s,a) :=w"*-V,logmyals). We have:

1 -
Vo V() = T EvegBanly | Vylog my(a|s) A ™(s, a)]

We can use A\”H(S, a) instead of A™(s, a).



Proof

« The first order optimality conditions for w* imply
Eq aroEomny1s) [(A”e(s, a) —w* - Vylog n(a| s)) Volog my(al|s)| =0

A



Proof

« The first order optimality conditions for w* imply
Eq aroEomny1s) [(A”e(s, a) —w* - Vylog n(a| s)) Vlog zy(a| s)] =0

A

« Rearranging and using the definition of A\”@(s, a),

1
Vo V(u) = T EcepEanls [A™(s, a) V glog my(a | 5)]

1
— e Eam 19| (W Vglog myals)) Volog my(al s)]



NPG & Compatible Function Approximation

« Let w* denote the following minimizer of the “compatible function approximation” error:

E (A”H(S, a) —w - Vylog my(a| S)>2

* .
w’™ € argmin E a~r(-|s)

. o
s~d,



NPG & Compatible Function Approximation

« Let w* denote the following minimizer of the “compatible function approximation” error:

w* e argmin, E¢_jwE .1 (A™(s,a) —w - Vglog myals))?

. 1
Lemma: We have that Fﬂ(Q)* VQVQ(M) — I——yW*’
The NPG direction is the weights w™*



Proof

« The first order optimality conditions for w* imply
E [(A”e(s, a) — w* - Vlog n,(als)) Vylog myal s)] =0

s~dy?, a~m(-]s)



Proof

« The first order optimality conditions for w* imply
E [(A”H(s, a) — w* - Vlog n,(als)) Vylog myal s)] =0

s~dy?, a~m(-]s)

* Rearranging
Eswd;,w, a~my(-|s) [A (s, a) Vf)log ﬂﬁ(a | S)

— E?Nd;fg, ar~y(-|s) [ Vglog ﬂ'@(a | S) Vglog ﬂ'g(a | S)T W*



Proof

« The first order optimality conditions for w* imply
Es"’d/fev ary(|s) [(Aﬂe(s, CZ) — W* . Vglog 7[9(61 | S)) Vglog 7[9(61 | S)] =0

* Rearranging

Eswd;,w, a~my(-|s) [A (s, a) Vf)log ﬂﬁ(a | S)

— E?Nd;fg, ar~y(-|s) [ Vglog ﬂ'@(a | S) Vglog ﬂ'g(a | S)T W*

. By the definition of V,V%(u) and F(6):



Softmax Case:
NPG and Global Convergence to Opt



NPG softmax case
(NPG as “soft” policy iteration)

 Lemma: (Softmax NPG as soft policy iteration) The NPG update is:

+) — g ¢ 4@



NPG softmax case
(NPG as “soft” policy iteration)

 Lemma: (Softmax NPG as soft policy iteration) The NPG update is:

oD — g 4 A
1=y

e and this leads to the update:

A0 La)/(1 —
] ) = 2Ol exp(nAY(s, a)/( y)),
Zt(S)

where Z(s) = Y, n(a|s)exp(nA¥(s,a)/(1 —7)).




Proof

 Recall that:

1
F ﬂ(Q)T VoVop) = 1—_}/W*
where

(A%(s,a) —w - Vglog my(als))?

>k .
w EargmanESNdlfeEaNﬂe(_m



Proof

* Recall that: .
F ﬂ(Q)T VoVop) = 1—_}/W*
where

w* € argmin, Ey_jmoE, q ) (A%(s,a) —w - Vglog my(als))?

 So we want to show that:



Proof

* Recall that: .
F ﬂ(Q)T VoVop) = 1—_}/W*
where

w* e argmin, E_gmoFy.5) [(A”e(s, a)—w - Volog my(a| s))2]

 So we want to show that:

* Also, recall that:

aloiz’(ac,llS) _ lls _ S,] (1[a = a’] = ffg(a’IS)>




Proof

Recall that:

1
F0) VgV = ——w*
I=y
where
w* e argmin, E_gmoFy.5) [(A”e(s, a)—w - Volog my(a| s))2]

So we want to show that:

Also, recall that:

010%9(“ 2 =15 =5 (1o =] - mta1s)

S,,(l,
What is a minimizer for this square loss problem?




Global convergence for NPG

« Theorem: Params: 0¥ = 0 and 7 > 0. For all p and T > 0, we have:

log A 1
VD(p) > V*(p) — —~ .
(p) 2 VZ(p) T AT




Global convergence for NPG

« Theorem: Params: 0¥ = 0 and 7 > 0. For all p and T > 0, we have:

log A 1
VID(p) > V*(p) — —~ .
(p) 2 VZ(p) T AT

2
(1-7y)2%

. Setting 77 > (1 — y)’log A, NPG finds an e-opt policy when 7" >



Global convergence for NPG

« Theorem: Params: 0¥ = 0 and 7 > 0. For all p and T > 0, we have:
8 N log A 1
Vii(p) 2 Vi(p) — - :
nl (1—-p?T

2

. Settingn > (1 — ;/)zlog A, NPG finds an e-opt policy when 7" > a e

* lteration complexity has:
« No dimension dependence (no dependence on S, A)

« No dependence on start state measure p (and no “dist mismatch factor”)
* No ‘flat gradient’ problem



Global convergence for NPG

Theorem: Params: 0 = 0 and n > 0.Forall pand T > 0, we have:

log A 1
VD(p) > V*(p) - —~ .
(p) 2 VZ(p) T

2
(1-7y)2%

Setting 7 > (1 — y)zlog A, NPG finds an e-opt policy when 7" >

lteration complexity has:
« No dimension dependence (no dependence on S, A)

« No dependence on start state measure p (and no “dist mismatch factor”)
* No ‘flat gradient’ problem

What about approx/estimation errors? (next lecture)



Improvement Lower Bound

. Lemma: For the iterates 7 generated by the NPG, we have for all distributions p:

1 —
VD) — vOy) > d-r E,., log Z(s) > 0.
n




Improvement Lower Bound

. Lemma: For the iterates 7 generated by the NPG, we have for all distributions p:

1 —
VD) — vOy) > d-r E,., log Z(s) > 0.
n

« Proof: First, let us show that log Z(s) > 0. To see this, observe:
log Z(s) = log ) 1%(a| s)exp(A“(s, a)/(1 - 7))

> Z 7(a| s)log exp(nA(s, a)/(1 — y))

Z 7(a| )AD(s, a) =
Ty

(using Jensen’s mequallty on the concave function log x.)



Lemma Proof: continued....

By the performance difference lemma,
1
VD) — vO(u) = T B Z 7 D(a | $)AV(s, a)
a

1

(r+1)

T als)Z(s

_ 1 SNd<r+1>Zﬂ(t+l)(Cl|S)lOg (a|s$)Z(s)
n . p

z(als)

1 1
= E d(r+1)KL(7Z'(t+1) | | ﬂ(t)) + — d(t+1) lOg Z(S)
77

Y

1 1 - }/
—E, jenlogZ(s) 2 —E, , log Z(s),
n g n

where the last step uses that d;f“) > (1 — y)u and that log Z(s) > 0.



NPG Conv. Proof, Part 1

« d* as shorthand for d;; 7, as shorthand for the vector of z( - | 5)



NPG Conv. Proof, Part 1

« d* as shorthand for d;; 7, as shorthand for the vector of z( - | 5)
* By the performance difference lemma,

* 1
VE ()= VOp) = ——E - Z 7*(a| )AD(s, a)

7D (a| $)Z(s)
zD(als)

|
=—FE_ . Z n*(a|s)log
17 a

1
I (KL%* [120) - KL 1200 + Y, w¥(a] 9)log Zt<s>>

a

1
= o (KU | 2) = KU [ 770) + Tog Z(9),



NPG Conv. Proof, Part 2

. By the improvement lemma V/+D(p) > VW(p). Hence,
. 1 Q.
V7 (p)—-VI=D(p) < — Z' V7 (p) — V¥
(») (») T (V= (p) ()

=0
1 T-1
=7 E, g+(KL(z) || 7{") = KL(z} |In<"+”)>+ Z ynax 102 Z/(5)
=0
E_Kuz*||z®) 13
< 5 1= + E, ;. log Z(s).
nT nT

=0



NPG Conv. Proof, Part 2

. By the improvement lemma V/+D(p) > VW(p). Hence,
. 1 Q.
V)=V ) < — 3 (V) = V)

=0
1 T-1 1 T-1
=— Y E,p(KUx} || 2") = KX || 207D) + — ) E, 4 log Z(s)
nt nt
=0 =0
E_ Kuz*||z7? 14
< ,ﬂi + T Z E, ;logZ(s).
=0

« By the improvement lemma (applied with d* as the distribution), we have:
1 1
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which gives us a bound on E,_ ;. log Z(s).
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